Stimulated by the recent attention given to the texture zeros found in the quark mass matrices sector of the Standard Model, an analytical method for identifying (or to exclude) texture zeros models will be implemented here. We use the WB transformation process to find equivalent representations. It is shown that the number of non-equivalent quark mass matrix representations is finite. We give numerical results for parallel and non-parallel four-texture zeros models. We find that some five-texture zeros Ansätze are in agreement with all present experimental data. And we confirm definitely that six-texture zeros of Hermitian quark mass matrices are not viable models anymore.
I. INTRODUCTION
Although the gauge sector of the Standard Model (SM) with the SU (3) C ⊗ SU (2) L ⊗ U (1) Y symmetry is very successful, the Yukawa sector of the SM is still poorly understood. The origin of the fermion masses, the mixing angles and the CP violation remain as open problems in particle physics. There have been a lot of studies of possible fundamental symmetries in the Yukawa coupling matrices of the SM [1] [2] [3] . In the absence of a more fundamental theory of interactions, an independent phenomenological model approach to search for possible textures or symmetries in the fermion mass matrices is still playing an important role.
In the SM, the mass term is given by
where the mass matrices M u and M d are threedimensional complex matrices. In the most general case, they contain 36 real parameters. A first simplification, without losing generality, is by making use of the polar decomposition theorem of matrix algebra, by which, one can always express a general mass matrix as a product of a hermitian and unitary matrix. Therefore, we can consider quark mass matrices to be hermitian as the unitary matrix can be absorbed in the right handed quark fields. This immediately brings down the number of free parameters from 36 to 18. A simple and instructive ansatz of hermitian quark mass matrices with six-texture zeros was first proposed in reference [1] . An additional non-parallel six-texture zeros was given in [4] . Both textures are currently ruled out [5] , because, among other things, they do not reproduce some entries of the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix V . Specifically, in both cases, the magnitude of |V ub /V cb | predicted by m u /m c is too low (V ub /V cb ≈ 0.06 or smaller for reasonable values of the quark masses m u and m c [6, 7] ) to agree with the present experimental result (|V ub /V cb | ex ≈ 0.09 [6] ). Because of this, some authors have highly recommended the use of four-texture zeros [5, 8, 9] . But it is shown in this work, that this point of view is not completely certain.
We would therefore present an analytical method to calculate models containing various texture zeros in the quark mass matrix sector, taking into account the latest experimental data provided [6] . We use simultaneously, in our research, two very common approach: one approach consists of placing zeros (called texture zeros) at certain entries of quark mass matrices that can predict self-consistent and experimentally-favored relations between quark masses and flavor mixing parameters [4, 10, 11] ; which is used in conjunction with the other approach, the WB transformation (weak basis transformation), that transforms the quark mass matrix representations into new equivalent ones [8] . This paper is organized as follows: in Sect. II we discuss some issues related to the WB transformation method and its utilities. We dedicate, in Sect. III, to obtain some numerical parallel and non-parallel fourtexture zeros quark mass matrices using special techniques for that; which we use, in Sect. IV, to find fivetexture zeros in quark mass matrices compatible with the present experimental data; this configuration, is studied from an analytical point of view, in Sect. V; and our conclusions are presented in Sect. VI. In Appendix A a new theorem that shows two equivalent quark mass matrices are WB related is proved. And the method used extensively throughout this paper to find texture zeros is verified in Appendix B.
exhaustive in generating all possible mass matrix representations.
The following theorem shows that there is no a quark mass matrix representation outside the set (2.1). Theorem 1. In the Standard Model, any two pairs of Hermitian quark mass matrices, given by (M u , M d ) and (M A proof of this theorem is given in the Appendix A.
The importance of the WB transformation, as calculation tool, can be appreciated from the following results.
A. The preliminary matrix representation
In the quark-family basis, it is more convenient to use the following quark mass matrix representation [8, 12] 
which comes from a WB transformation, and we call it as the the u-diagonal representation. We call the other possibility
as the d-diagonal representation. One advantage of using representations (2.3) (or (2.4)) is to be able to use simultaneously the CKM mixing matrix V and the quark mass eigenvalues |λ iu,d | (i = 1, 2, 3). Where λ iu,d may be either positive or negative and satisfy the hierarchy
The importance of these representations can be appreciated verifying the following result: "The CKM matrix can be parameterized by three mixing angles and a CP-violating phase" B. One phase and three angles in the CKM matrix It is usually said that the CKM matrix is an arbitrary unitary matrix with five phases rotated away through the phase redefinition of the left handed up and down quark fields [13] . This can be shown by using the following unitary matrix remains equal, while the down matrix takes the form 8) where in the last step we have used the identity (2.6) applied to the diagonal down mass matrix. The expression into the square brackets is precisely the most general way to write an unitary matrix [13] . In this representation, the matrix M d , in (2.7), contains two free parameters x and y, which plays an important role to obtain texture zeros as we shall see later.
C. An unique negative eigenvalue
The Theorem 1 permits to use the u-diagonal representation (2.3) (or the d-diagonal representation (2.4)) as the starting point, to generate any other representation. If they exist, by this method, important texture zeros in mass matrix can be found.
Because some texture zeros must lie along the diagonal entries of both up and down Hermitian quark mass matrices, it implies that at least one and at most two of its eigenvalues be negative [8] . Furthermore, for the case of two negative eigenvalues, these mass matrices can be reduced to have only one negative eigenvalue, by factoring a minus sign out which can be included, for instance, into the mass matrix basis (2.3). Thus, without loss of generality, the texture zeros models can be deduced by assuming "that each one of quark mass matrices M u and M d contains exactly one negative eigenvalue." (2.9)
III. NUMERICAL FOUR-TEXTURE ZEROS
There are a wide variety of four-texture zeros representations. Using a specific approach, some non-parallel texture are easy to obtain. But more laborious methods are required in parallel cases. In our analysis we will use the next physical quantities.
A. Quark masses and CKM
Let us consider the quark masses (in MeV) in the MS scheme [7] , given by mu = 2.5 The Cabibbo-Kobayashi-Maskawa (CKM) matrix [7, 14, 15 ] is a 3 × 3 unitary matrix. It can be parametrized by three mixing angles and the CP-violating KM phase [15] . Of the many possible conventions, a standard choice has become [16] where s ij = sin θ ij , c ij = cos θ ij , and δ is the phase responsible for all CP-violating phenomena in flavorchanging processes in the SM. The angles θ ij can be chosen to lie in the first quadrant, so s ij , c ij ≥ 0. It is known experimentally that s 13 ≪ s 23 ≪ s 12 ≪ 1, and it is convenient to exhibit this hierarchy using the Wolfenstein parametrization. We define [17, 18] 
3)
The constraints implied by the unitarity of the three generation CKM matrix significantly reduce the allowed range of some of the CKM elements. The fit for the Wolfenstein parameters defined in Eq. These values are obtained using the method of Refs. [17, 19] . The fit results for the values of all nine CKM elements are. It is the most simple case. For instance, let us take the eigenvalues signs pattern as follow
Then, for this case, the numerical values in the u-diagonal representation (2.3) are where we have used the numerical CKM matrix (3.5). We observe that the entry M d (1, 1) in (3.9) is much smaller than the remaining entries. So, we can assume (M d ) 1,1 = 0, as was pointed out in Reference [12] . Making a WB transformation on (3.9) using the following unitary matrix
with tan θ = mu mt , the matrices (3.9) transform into a form, where the entries (1, 1), (1, 2) and (2, 3) of matrix M u becomes zero. Then, we have where the entry (1, 1) of M d was assumed equal to zero. This result follows from the fact that the top quark mass is much greater than up quark mass.
We finally obtain a non-parallel four-texture zeros mass matrix representation. New equivalent four-texture zeros representations can be obtained using the former representation. For example, if we use unitary matrices looking like 14) and apply them to (3.13), it allows us to obtain new non-parallel four-texture zeros representations. For the case (3.14), we have where some of their entries have been permuted. We have found typical non-parallel four-texture zeros quark mass matrix representations. The WB was applied by using simple unitary matrices like (3.10). The process is more difficult if we want to find parallel texture zeros in quark mass matrices.
C. Parallel four-texture zeros
Let us begin implementing a method that we shall apply later to special cases. Let us start by giving the following structure for the up matrix elements
whereB u and A u are real numbers. The mass matrix M u can be diagonalized using the transformation
where the exact analytical result of O u is [5] 
where η ≡ λ 2u /m c = +1 or −1 and ρ ≡ λ 3u /m t = +1 or −1 corresponding to the possibility (
The pure complex phases in (3.18) were included, in order that given them appropriated values, the CKM matrix generated becomes compatible with the chosen convention (3.2) 2 . Note thatB u , |B u | and |C u | can be expressed in terms of λ iu (i = 1, 2, 3) and A u using invariant matrix functions 1 It is sufficient to consider that the mass matrix be real symmetric, since the phases may be included later by means of a WB process. 2 It is not necessary to include a pure phase in the third column of Ou, since we can factor out it.
as follows
where "tr" and "det" are the trace and the determinant respectively. The matrix O u can be seen as the unitary matrix such that the WB transformation transforms the representation (2.3) into the form where "Re" refers to the real part and "Im" the imaginary part of the function. In the process the following details must be taken into account:
• The formulas (3.19) through (3.21) must be real numbers. Therefore, the parameter A u is restricted to lie into an interval. Let us see the different possibilities
where the hierarchy (2.5) was considered.
• The phases given in (3.18) could have been included initially in the transformation (2.7), instead to write them explicitly in the matrix O u . The validity of this point of view is checked by observing that the matrix (3.18) can be decomposed as the product of two matrices, where the right hand side contains the pure complex phases as follows
such that, after replacing this decomposition into (3.23) and comparing with (2.7), we conclude that both points of view concur.
In appendix B, we will work a case previously studied in the paper [8] and replicate the results presented there by using the techniques implemented here.
Example 1: parallel four-texture zeros
We are mainly concerned to find four-texture zeros with the recent data given in Section III A. Let us take the following case
We have, in the u-diagonal representation, the following mass matrix representation. Making a WB transformation on (3.31), using the unitary matrix O u (Eq. 3.18), the following conditions 
where the pure phases given in O u were defined as e ix = cos x+i sin x = x 1 +ix 2 and e iy = cos y+i sin y = y 1 + iy 2 , such that In the same way, we can find another non-equivalent parallel four-texture zeros representation. Let us look another case.
Example 2: another parallel four-texture zeros model
Another possibility that works well is 
IV. NUMERICAL FIVE-TEXTURE ZEROS
Now, let us try to find five-texture zeros for the quark mass matrix sector. If this cannot be achieved, we can conclude that five and six-texture zeros are not viable models. For that, we will use the mathematical tools previously implemented in Sect. III C. We shall begin as usual by proposing a texture zeros configuration, in this case with three zeros for the up/down quark mass matrix 3 , and see how many zeros can be reached for the down/up quark mass matrix. In principle, there are many possibilities, but many of them are equivalent ones. In total, there are two non-equivalent cases, depending on the number of zeros included in their diagonal entries. Therefore, we have only two possibilities: one-zero or two-zero in diagonal entries. Let us name them as one-zero family and two-zero family, respectively. With an appropriated unitary matrix and performing the corresponding WB transformation the other possibilities are obtained. In the table I both families are indicated, which summarizes the equivalent possibilities for each case. Let us study each family.
A. Two-zero family
In what follows, we work the cases u-diagonal and ddiagonal simultaneously. The standard representation for the two-zero family is
and its diagonalization matrix satisfies the following relation
2)
3 A model with four zeros in the up/down quark mass matrix is not realistic. where one and only one λ iu,d is assumed to be a negative number. The invariant quantities "det" and "trace" applied on (4.1) and (4.2)
Unitary matrix
allow us to express the parameters of (4.1) in terms of its eigenvalues
From expression (4.8), together with (2.9), we have that
and using (4.7) and the hierarchy (2.5) we found that only one possibility is permitted (4.12) As you can see, in both cases, we are treating with quasi diagonal matrices.
Performing the WB transformation using the unitary
  and (4.14)
where the matrices Tables (II) and (III)
Analysis of "down" mass matrix.
Table (II) summarizes the components of M ′ d for the udiagonal case. By simple inspection, using (4.18), shows that is not possible to find zeros at entries (2,2), (2,3) and (3,3). And not solutions were found for either
equations. Therefore, it is impossible to find two texture zeros into the down quark mass matrix coming from an u-diagonal representation for the two zero family case.
Analysis of "up" mass matrix and a model with five-texture zeros.
We consider the d-diagonal case. The entries of matrix M ′ u , after the WB transformation is made, are given in the Table (III). According to the table, only The corresponding five-texture zeros representation obtained, is. 
−4151.17+0.0462853x 1 +0.102975x 2 + 30.0575y 1 + 0.0134935x 1 y 1 − 0.000364401x 2 y 1 + 0.0115377y 2 + 0.000364401x 1 y 2 + 0.0134935x 2 y 2 TABLE II. The u-diagonal representation: the "down" mass matrix entries for the two zero family case.
B. One zero family
A typical representation of this family is given by
The mass matrix M u,d is diagonalized as follows
The following matricial functions allows us to write the elements of M u,d in terms of its eigenvalues λ iu,d . They are
from which we have various solutions a): 
30)
c): In turn, each one of these cases, contain three possibilities depending of the negative eigenvalue assigned for the down (up) mass matrix . In total there are 36 possibilities. Neither of this cases we were able to find models with five-texture or six-texture zeros.
V. ANALYTICAL FIVE-TEXTURE ZEROS AND THE CKM MATRIX
The five-texture zeros form of Eq. (4.22), derived under the conditions given in section IV A 2, is specially interesting because with the latest low energy data shows that it is a viable model, something not considered or rule out in papers like [5, 8, 20] . Let us assume the following five-texture zeros model
1) where up and down quark mass matrices are given in the most general way, P = diag(e −iφc u , e −iφ bu , 1) with φ bu ≡ arg(B u ) and φ cu ≡ arg(C u ), where the phases for M d no were considered because they can be absorbed, through a WB transformation, into P . Considering λ 1u = −m u , we have from (3.19) through (3.21) that
where (3.25) was considered.
Taking into account (4.9) and (4.10), for the down mass matrix we have that where we assume A u ≪ m t . The sign "+" for V us , V cb and "−" for V cd , V ts . Note that if A u ≫ m c then that not differ very much from the values given in [5, 21] ,
, implying maximal CP-violation in the context of present mass matrices, and φ 2 ≈ 0 ∼ φ bu . The inner angles of the CKM unitarity triangle,
and the Jarlskog invariant is
VI. CONCLUSIONS
Within the Standard Model framework, we have investigated texture zeros for quark mass matrices that reproduce the quark masses and experimental mixing parameters. To simplify the problem, without loss of generality, we consider that the quark mass matrices are Hermitian, since the right chirality fields are singlets under the gauge symmetry SU(2). So, for any model where the fields are right chiral singlet under the local gauge symmetry, we may consider that their mass matrices are Hermitian. Specific six-texture zeros in quark mass matrices, including the Fritzsch model [1] and others like [4] , have already been discarded because they can not adjust their results to the experimental data known at present. In Theorem 1, together with the definition of WB transformation, it is shown that the number of non-equivalent representations for the quark mass matrices is finite, which greatly simplifies the problem. Through WB transformations was relatively easy to find non-parallel four-texture zeros mass matrices. More difficult, but feasible, was the case for parallel four-texture zeros mass matrices. Significant was the consistent five-texture zeros quark mass matrix found by us. Similarly, we show the impossibility, under any circumstances, to find mass matrices with sixtexture zeros consistent with experimental data. This is a generalization of six-texture zeros mass matrices discarded by Fritzsch et al.
Throughout this letter, into the SM, we have used the fact that all WB are equivalent. The opposite case is valid too, i.e., two equivalent quark mass matrices representations must be related through a WB transformation. Which is condensed in Theorem 1.
By making appropriated WB transformations, numerical parallel and non parallel four-texture zeros were found. An exhaustive deduction process allows us to find a five-texture zeros numerical structure compatible with the experimental data, Eq. (4.22). This representation was found in the two zero family case. Equivalent representations are given in Table I .
We have determined the impossibility to find quark mass matrices having a total of six-texture zeros which are consistent with the measured values of the quark masses and mixing angles. While, a consistent model with five-texture zeros were successful. The five texture zero Ansatz of Eq.(5.1), together with some assumptions which include appropriated values for A u , φ bu and φ cu does lead to successful predictions for V CKM such as those of Eqs.(5.6), (5.8) and (5.9). One nice thing about five-texture zeros quark mass matrices (5.1) is that no hierarchies on quark masses is necessary to be imposed to make correct predictions, although, expressions (5.6) becomes a more complex notation.
Let us use the diagonalization matrix (3.18) with x = π and y = π. 
whose solution is A u ≈ 84621 MeV, which agrees perfectly with the value given in the aforementioned paper. The quark mass matrices (B6) and (B7) take the form 
We finally get the desired matrices 
